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Abstract

In this paper, we consider the case of finite time dimension in the panel
stationarity tests with a structural break. By fixing T, the finite sample prop-
erties of the tests for both micro (7' small and N large) and macro (T and
N large) panel data are generally greatly improved. More importantly, the
derivation of the tests for finite 7' and N — 00, as opposed to joint asymp-
totics where N and T" — oo simultaneously, avoids the imposition of the rate
condition N/T — 0, making the test valid for any (T, N) blend. Four models
corresponding to the usual combination of breaks are considered. The asymp-
totic distributions of the tests are derived under the null and are shown to be
normally distributed. Their moments for T fixed are derived analytically em-
ploying two approaches. The first method is based on the Laplace Transform
and the second derivation is based on Ghazal’s (1994) corollary 1. The case with
unknown break is also considered. The proposed tests have generally empirical
sizes that are very close to the nominal size. The Monte-Carlo simulations show
that the power of the test statistics increases substantially with N and 7.
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the ratio of two dependent quadratic forms, Laplace transform.
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1 Introduction

An upsurge of interest in nonstationary panel data models has been witnessed in
both theoretical and empirical research in recent years. Since the seminal papers
by Breitung and Meyer (1994), Quah (1994), Maddala and Wu (1999), Phillips
and Moon (1999), Levin, Lin and Chu (2002), Im, Pesaran and Shin (2003),
Hadri (2000) and Hadri and Larsson (2005), panel unit root and stationarity
tests, have been applied to a variety of key economic issues with the hope
that the increased power of these tests, due to the exploitation of the cross-
section dimension, would provide more compelling evidence. Banerjee (1999),
Baltagi and Kao (2000), Baltagi (2001) and Breitung and Pesaran (2005) provide
comprehensive surveys on the subject.

Additionally, since the pioneering work of Perron (1989) which illustrates the
need to allow for a structural break when testing for a unit root in economic time
series, the problem of structural breaks in the level/slope of a series has proved
to be of considerable interest in the unit root testing literature. Perron (1989)
and Amsler and Lee (1995) have found that unit root tests are biased toward
accepting the false unit root null hypothesis in the presence of a structural
break. It is widely accepted that the failure of taking into account structural
breaks is likely to lead to a significant loss of power in unit root tests and size
distortion in stationarity test. Kurozumi (2002), Lee and Strazicich (2001) and
Busetti and Harvey (2001, 2003) have considered testing the null hypothesis of
stationarity in the presence of a single break versus the alternative of a unit
root in time series.

In the panel context, some attention has been paid, recently, to the presence
of structural changes in unit root tests and stationarity tests. For example,
Im, Lee and Tieslau (2005) proposed unit root panel tests, whereas Carrion-i-
Silvestre, Del Barrio and Lépez-Bazo (2005) (CBL thereafter) and Hadri and
Rao (2007) developed stationarity panel tests.

Hadri and Rao (2007) proposed a test statistic with the null hypothesis of
stationarity with a break against the alternative of a unit root. The asymptotic
distributions of the tests are derived under the null and are shown to be normally
distributed. The asymptotic distributions are derived using sequential limits,
wherein ' — oo followed by N — oo. Under the rate condition N/T — 0,
it can be shown following Phillips and Moon (1999) that the sequential results
obtained imply joint convergence. In the joint limit theory, 7" and N are allowed
to pass to infinity simultaneously. The drawback of sequential limits is that in
certain cases, they can give asymptotic results which are misleading. This is
not the case for joint limit. As noted by Phillips and Moon (1999), the rate
condition indicates that the joint limit theory is going to be applicable to cases
when N is moderate and T is allowed to be large. This is applicable for the
empirical panel data with large number of cross sections (N) and time series
observations (7T'). However, for micro panels where T is relatively small, the tests
developed under the assumption of large T are usually unsatisfactory because
of size distortions. Besides, the rate condition N/T — 0 limits the application
of the tests to cases where T is larger than V.



In this paper, we consider the limit theory that T is fixed and N is allowed
to go to infinity and we apply it to the test proposed by Hadri and Rao (2007)
for testing the null of stationarity with structural breaks against the alternative
of unit root in panel data. The exact expressions of the two first moments of
the statistics are derived using two methods: Ghazal’s (1994) corollary 1 and
Laplace transform. Under this limit theory, the rate condition N/T is no longer
required, which makes the test valid for any (7, N) blend and hence allows us
to exploit any available number of cross sections. Moreover, the assumption
that T is fixed allows the tests to be applicable to numerous empirical studies
in which a large number of cross-sectional units are observed during a relatively
short period of time. It is worthwhile to note that our tests are also applicable
to macro panels and have better finite sample properties than tests that have
been derived under the assumption that both N and T go to infinity as shown
by the simulation results. We show that the asymptotic distributions of the test
are normal and that their convergence rate is V/'N. The normality results do not
require T' to grow large.

The paper is organized as follows. Section 2 set up the model and assump-
tions. Section 3 describes the statistics and limiting distributions. We also deal
with the case that the break is unknown in Section 4. Section 5 investigates
the finite sample size and power of the proposed statistics via Monte Carlo sim-
ulations. Section 6 concludes the paper. All the proofs are presented in the
Appendix.

2 Models and assumptions

Let us consider the following models

Model 0:  y;4 = a; + ;D + 73t + €54, (1)

Model 1:  y; = a; + 0; Dy + 05t + 141 + €44, (2)
Model 2:  y;: = a; + 0;t + v, DTyt + 14t + €31, (3)
Model 3: i = o 4+ 6Dy + 05t + v, DTy + i1 + €4, (4)

where y;;, i = 1,..., N and t = 1,...,T are the observed series for which we wish
to test stationarity. For all i, als, 0 /s, 0}s and 7;s are unknown parameters.
ri+ is a random walk defined as r;; = r;;—1 + u;; with initial values ;0 = 0 Vi
without loss of generality (See Abadir (1993) and Abadir and Hadri (2000) for
the importance of initial values in autoregressive models). Hence, under the
null, the random walk vanishes from the above equations. More compactly, the
four models can be expressed as follows:

Vit = 238 + i + €, (5)

where z;; = [1, D;]’ for Model 0 (a constant with a break); z;; = [1, Dy, t/T)
for model 1 (a constant with a break and a linear trend); z; = [1, ¢t/T, DTy)



for model 2 (a constant with no break and a linear trend with a break); z;; = [1,
Dy, t/T, DTy)" for model 3 (a constant and a linear trend, both with a break);
finally, 3, is the corresponding vector of parameters.

Assumption 2.1. The u;; and €; are iid across i and over t with E(u;) =
0, E(uit)? = 05, > 0. E(eir) = 0 and E(ey)* = 02, > 0.

Assumption 2.2. Suppose that there is a one-time change in the structure that
occurred at time T'p ;, where T ; = w;T, w; € (0,1) denotes the fraction of the
break point to the sample for the ith individual. The dummy variables D;; and
DTy are given by Dy = 1 if t > T, and O otherwise; DTy =t — Tpg,; if
t > Tg;, and 0 otherwise.

Model 0, without a linear trend, describes for instance an interest rate,
whereas Models 1-3 which include a linear trend, are more suitable for macro-
economic variables such as gross national product. Perron (1989) called Model
1 the "crash model" and model 2 the "changing growth model".

The null hypothesis is given by

Ho: 07, ;=0 Vi, (6)
which is tested against the alternative

Hy:o,;>0,i=1,2,..Ny; o) ,=0, i=Ny+1,..,N. (7)

u

This alternative hypothesis allows for o2 ; to be heterogeneous across units and
includes the homogeneous alternative, i.e., U%w‘ = o2 > 0 for all i. It also
permits some of the individual series to be stationary under the alternative.
The consistency of the present panel stationarity tests is guaranteed as shown
by Hadri and Larsson (2005) if the fraction of the individual processes possessing

a unit root is different from zero under the alternative.

3 Test statistics and limiting distributions

The statistics we consider is given by (See Hadri and Rao (2007))

T 2
_ 21 S0
ni,T,k(wi) = TQE?,i ) (8)
with £ = 0, 1, 2, 3 indicates the statistics corresponding to the four models.
The w; denotes that the statistic has been constructed for a specific value of the
break point location and this value is allowed to be different across individuals.

Syt = Z;Zlaj is the partial sum process. Under the null, €;; are OLS residuals

. . ~2
from regressing y;+ on the appropriate set of regressors from each model and o7 ;
is a consistent estimator of the variance of €¢;; where

1 T
IS o)
t=1



The Model in (5) can be expressed as a vectorized model by stacking each
variable along the time dimension:

where Z; = [21, zi2, - - -, ziT)', Wi = [Ui1, U2, ..., u;r) and L is a lower triangular
matrix with lower elements 1’s.

The statistic in (8) can be written in matrix form as follows:

Yy M;LL'M;y; 71 yiM; LL' M;y; (11)
T 28; yiMiy;

where M; = It — Z;(Z!Z;)~Z! is an idempotent matrix.

It turns out that we are able to find the exact formulae for the mean and
the variance of the statistic 7, 1 (w;) which are {; , and ci i Tespectively. They
are given in the following theorem.

Theorem 1. Let {y;} be given by (1) — (4) Under Assumption 2.1, 2.2 for the
ith individual and for a fixed sample of size T, we have,

Model 0

ni,T,k(wi)

2T2w? — 2T2w; 4+ T2 — 2

gi,O = 6T (T _ 2) ’
2 2w (TP — TT4) — 4w(T5 — TT*) + 602 (T5 — 874 1 373 4 372)
" 4573 (T — 2)*
4wy (T° = 5T + 3T° + 3T%) + T° — §T* + 3T° + 57° +4 - 7T
4573 (T — 2)* ’
Model 1
(= 15wd x T4 — 30w3 x T* + 25w2(T* — 8T2/5) — 10w, (T* — 4T?) + 2T — 15T% + 13
wl 30T (T — 3) (3T%w?2 — 3T2%w; + T2 — 1) ’
2 _ 315w% (79 —13T%)—1260w] (T? —13T%)+2415w5 (T — 282 784+ 3L 774 ST 76)
3,1 63OOT2(T—1)(T—3)2g3T2wf—3T2wi+T2—1)2

28355 (19— 197784 2L 774 61 7°)
6300T2(T—1)(T—3)? (3T2w? —3T%w; + T2 71)2
2275w (T0 - TR TS+ 2T+ S8 76— S8 75+ 2B 1)
630072(T—1)(T—3)?(3T2w2 —3T%w; +T2—1)"
129503 (T°— 200784 288 7 T2 70 686 75 48 )
6300T2(T—1)(T—3)*(3T2w2 —3T%w; +T2—1)"
495w3F (79— 83084 TAO 74 TT 0 STL 54 28Ty 146903 _ 1495 72)
T 630072(T—1)(T—3)?(3T2w? —3T%w; +T2~1)"
110w, (77— 82784 180774 1216 _ 840754 4764y 1409 8 _ 1495 72)
630072(T—1)(T—3)*(3T2w2 —3T%w; +T2—1)"
i 11(T9—%T8+%T7+45T5—%T%%T%%Tt%zz—%ﬂ-nﬁ) .
6300T2(T—1)(T—3)?(3T2w? —3T%w;+T2—1) ’




Model 2

(. = w; (1172 + 513 — 2T* — 14T) + w?(5T* — 1172 — 973)
2o 15T (T — 3) (=T — 2T2w; + 2T2w? + 2Tw; — 1)
wWI(6T3 — 6T4) + 374w} + 7T —T? - T3 + 7

IS (T = 3) (-7 — 2T%w; + 27207 4 2T, — 1)’

2. = 1156-+10127—107172% —41773 45587+ —307° —6775+117"
4,2 630072 (T—1)(T—3)?(~T—2T2w; +2T2w? +2Tw; —1)"
w; (4475 —422T7 491570 +19207° —7422T* 43126 T° + 64637 —4624T)
6300T2(T71)(T73)2(7T72T2wi+2T2wf+2Twi71)2
w3 (44T° —686T°+3503T7 —4640T° —9523T°+25 213T* —13 128T> — 126377
6300T2(T71)(T73)2(7T72T2wi+2T2w§+2Twi71)2
w (2684T°—220T° —10 778T7+10 928T®+15 400T° —26 524T* +85107%)
630072 (T —1)(T—3)*(~T—2T2w; +2T2w? +2Tw; —1)"
wi (4527° —5210T%+17 30977 —131157°—10 645T°+8185T*)
630072 (T—1)(T—3)*(~T—2T2w; +2T2w? +2Tw; —1)"
w? (5976T® —444T° —16 05677 +7320T° +3204T° )
630072(T—1)(T—3)?(~T—2T2w; +2T2w? +2Tw;—1)"
w$ (204T° —4476T°+8604T7 —1452T°)
630072 (T—1)(T—3)?(~T—2T2w; +2T2w? +2Tw;—1)"
w (2208T° —48T°—2160T" )
630072(T—1)(T—3)?(~T—2T2w; +2T2w? +2Tw; —1)"
w$ (1279 —540T%) )
6300T2(T—1)(T—3)?(-T—2Tw; +2T2wf+2Twi—1)2 ’

+

+ o+ + 4

Model 3
¢ = Wi 2w + T2 — 8
w 157 (T — 4) ’
o L L 20l - PTY —ded(T° - T
6w (T — 33674 1 16672 4 13773)

T2 (T —2) (T — 4)°
—60w;(37° — 207 4+ UIT3 4 13877?)
T2 (T —2) (T — 4)?
+T5f%?T4+%¥T&+%%TW7%%TW72¥)
T2 (T —2) (T — 4)

Proof. See the Appendix.



Since n; 1 x(wi) are iid with expectation &, , and variance gz i for fixed T,
it is easily seen by the Lindberg-Levy central limit theorem that for sufficiently
large N,

771 T,k (wi) =& k)

Zr(w) =~ = N(0,1). (12)
\/7 Z Cz k

Theorem 2. Under Assumption 2.1,2.2 and under the null hypothesis (6), for

fized T and as N — oo, the statistic Zp(w) defined by (12) converges to the

standard normal variate.

Proof. Standard. =

Remark 1 The tests can be applied to unbalanced panels. The results derived
for balanced panels will essentially remain the same. When individual units have
different sample size T;, the mean and variance now depend on T;, but when we
standardize 1; 1, 1.(wi) as (1, p(wi) = & g1,)/Ci gz, the proofs for Theorem 2
are unchanged.

Remark 2 We observe that when T — oo, the corresponding asymptotic mo-
ments in Theorem 1 are consistent with the moments suggested by Hadri and

Rao (2007).

Remark 3 As in Hadri and Larsson (2005), it is easy to show, using sim-
ulations, that the power of the tests increases as the proportion of unit roots
increases under the alternative.

Remark 4 In the case where €;; is serially correlated, we need first to determine
the order of the serial correlation, then we should derive the two first moments
of our statistic incorporating this information, lastly we must replace & O’ by a
consistent estimator of the long-run variance of €;;.

Remark 5 In the likely case where there is cross-sectional dependency, one
readily available method that may be used to correct for it is the bootstrap as
shown inter alia by Maddala and Wu (1999), Wu and Wu (2001) and Chang

(2004).

4 Testing for stationarity with an unknown break
date

In this Section, we consider the more realistic case where the break date is
unknown. Therefore, we have to estimate the break date and construct the test
statistic using the estimated break point. Different approaches of estimating
the break have been suggested in the literature. In this paper, we use the
least-squares method suggested by Bai (1994, 1997) and Kurozumi (2002). This
method considers using the estimate of the break date that minimizes the sum of



squared residuals (SSR) from the relevant regression under the null hypothesis,
that is,
w; = arg <HllIl (SSR(w;)).

Bai (1994, 1997) show that the estimated fraction of the pre-break point, defined
by &; = Ts,;/T;, is consistent when ¢;; is an I(0) stochastic process.

Since we allow for different break locations across individuals, we need to
detect the break in each one of the individual time series. Therefore, after &;s,
it =1,..., N are obtained, we only need to replace w; by w; and hence obtain

mTk wi) — & 1 (@;))

Zi (@) (13)
\/ Z Cl k(wl) 7

where §; ;. and ¢, follow the same definition as in Theorem 1 and calculated

using the consistent estimator &; instead of w;. Thus, we perform the hypothesis

testing as if the estimated break point were known.

5 Monte Carlo Simulation results.

In this section, we conducted Monte Carlo simulations to investigate the finite
sample properties of our proposed statistics. All simulation results are based
on 5,000 replications and we use the critical value of 1.645 (5% significance
level). It is evident that the distributions of our statistics under the null do not
depend on s, §;s, B3;s, ;5 and ‘73,1'5- The data-generating processes (DGP)
under the null hypothesis are given by (1)-(4) with o; ~ UJ0, 10], §; ~ UJ0, 10],
B; ~ Ul0,2] and 7, ~ U[0,5], where U[.] denotes the uniform distributions.
The sample sizes are given as combinations of different N and 7. For each
sample size, the parameters of the DGP are generated once and fixed in all the
replications. The break fraction is randomly generated as w; ~ UJ0.15,0.85]
with a 15% trimming at both ends of the time series. We also investigate the
consequences for inference in finite samples of assuming that T is asymptotic
rather than fixed. This enables us to evaluate the appropriate size of T' that
can be reasonably considered to be asymptotic. Size and power results for the
cases with a known break date and an unknown break date are reported in the
following tables.

Table 1 presents the empirical sizes of Zy(w) for T fixed and for T" assumed
asymptotic. We note that there is a considerable improvement in the size when
the exact finite-sample moments are used, particularly for 7" small and N large.
This makes the tests more suitable for micro panels. The size differences between
the two asymptotics decrease as expected when T increases. However, the tests
with fixed T register less size distortion even with 7" = 100.

The size of the statistic when the break date is unknown is reported in Table
2. In general, the size is very close to the nominal value although for model 1
and 2, size distortions appear to increase with N when we assume 7' fixed. The
size distortions for models 1 and 2 have also been noted by Kurozumi (2002) in
a time series context and by Hadri and Rao (2007) in panel data.



[Table 1 and 2 here]

The power results of the test statistic with a known break date and an
estimated break date are shown in Table 3 and 4 respectively. Under the al-
ternative hypothesis, we allow for different proportions of unit root processes
(M = N1/N) in the panel. To save space, we only report the simulations under
the condition that all the cross sections follow a unit root, that is, M = 1. As

a function of T' and N, the power also changes with different A (A = Z—é) We
recall that A = 0 (02 = 0) means that y is stationary whereas A\ = oo entails
that y comprises a random walk. By varying the value of A we can see how the
power of the test changes as we approach the two polar cases (stationary versus
nonstationary y). We set A = 0.01 and 0.03 in our simulations. In general, the
power of the tests increases as T or N or both get larger and increases with A
for all T' and N. This is also true when the break date is unknown. We found
that when the break date is estimated, the power decreases relatively in some
cases because of the fact that the estimation of the break induces power losses.

[Table 3 and 4 here]

Table 1. Empirical Size when the break point is known?

Model 0

N =5 N =10 N =15 N =25 N =50 N =100

T=10 00380  0.0604  0.0560  0.0546  0.0466  0.0556
(0.1516) (0.1924) (0.2656) (0.3292) (0.5176) (0.8230)
T=15 00738 00756 00742  0.0706  0.0666  0.0508
(0.1254) (0.1488) (0.1880) (0.2364) (0.3540) (0.5142)
T=25 00576  0.0608 00662  0.0580  0.0558  0.0464
(0.0766) (0.0976) (0.1150) (0.1326) (0.1724) (0.2508)
T=50 00646  0.0610  0.0644  0.0570  0.0642  0.0540
(0.0760) (0.0784) (0.0884) (0.0922) (0.1082) (0.1340)
T =100 0.0714 00598 0.0614  0.0616  0.0598  0.0574
(0.0752)  (0.0706) (0.076)  (0.0730) (0.0766) (0.0916)

2Size based on one sided N(0,1), critical value 1.645 (5%).
Italic indicates the size of the test when asymptotic means and variances are used.



Model 1

N=5 N =10 N =15 N =25 N =50 N =100
T=10 0.0714 0.0836 0.0986 0.0866 0.0804 0.0656
(0.2730)  (0.4720) (0.6456) (0.8790) (0.9932) (1.0000)
T=15 0.1052 0.0862 0.0640 0.0656 0.0694 0.0724
(0.1530) (0.2442) (0.8496) (0.5238) (0.8114) (0.9818)
T=25 0.0824 0.0826 0.0826 0.0836 0.0758 0.0684
(0.1096) (0.1502) (0.1996) (0.2700) (0.4124) (0.6650)
T =50 0.0858 0.0888 0.0736 0.0822 0.0754 0.0716
(0.0858) (0.1002) (0.1044) (0.1350) (0.1766) (0.2552)
T =100 0.0768 0.0682 0.0610 0.0734 0.0672 0.0696
(0.0734) (0.0738) (0.0760) (0.0880) (0.0974) (0.1326)
Model 2
N=5 N =10 N =15 N =25 N =50 N =100
T=10 0.1320 0.0604 0.0564 0.1326 0.0502 0.0700
(0.4046) (0.5864) (0.7848) (0.9652) (0.9994) (1.0000)
T=15 0.0740 0.0642 0.0776 0.0764 0.0638 0.0744
(0.1996) (0.2976) (0.4356) (0.6258) (0.8912) (0.9966)
T=25 0.0588 0.0622 0.0648 0.0700 0.0624 0.0794
(0.1048) (0.1516) (0.1984) (0.2946) (0.4414) (0.7332)
T =50 0.0684 0.0578 0.0546 0.0672 0.0630 0.0530
(0.0854) (0.0972) (0.1084) (0.1408) (0.1826) (0.2784)
T =100 0.0640 0.0620 0.0598 0.0618 0.0504 0.0558
(0.0744) (0.0726) (0.0804) (0.0920) (0.0928) (0.1290)
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Model 3

N=5 N=10 N=15 N=2 N=50 N =100
T=10 00920 00604 00718  0.0482  0.0390  0.0502
(0.5656) (0.8486) (0.9848) (0.9986) (1.0000) (1.0000)
T=15 00912 00746 00852  0.0844  0.0742  0.0414
(0.3296) (0.4976) (0.6772) (0.8656) (0.9898) (1.0000)
T=25 00534 00584 00566  0.0620  0.0562  0.0514
(0.1378) (0.2134) (0.2816) (0.4302) (0.6726) (0.9130)
T=50 00576  0.0650  0.0608  0.0610  0.0616  0.0560
(0.0940) (0.1184) (0.1438) (0.1804) (0.2718) (0.4330)
T =100 0.0628 00528  0.0616 00620  0.0534  0.0562
(0.0790) (0.0762) (0.0916) 0.1076() (0.1290) (0.1796)
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Table 2. Empirical size when the break point is unknown

Model 0
N=5 N =10 N =15 N =25 N =50 N =100
T=10 0.0648 0.0460 0.0394 0.0344 0.0308 0.0156
(0.1230) (0.1498) (0.1870) (0.2718) (0.5026) (0.7386)
T=15 0.0580 0.0394 0.0412 0.0528 0.0288 0.0214
(0.0812) (0.0822) (0.1132) (0.1948) (0.2278) (0.3526)
T=25 0.0702 0.0534 0.0470 0.0536 0.0286 0.0306
(0.0890) (0.0852) (0.0842) (0.1028) (0.0994) (0.1746)
T =50 0.0656 0.0534 0.0444 0.0514 0.0444 0.0260
(0.0720) (0.0668) (0.0578) (0.0814) (0.0806) (0.0592)
T =100 0.0696 0.0570 0.0518 0.0542 0.0414 0.0368
(0.0716) (0.0642) (0.0598) (0.0630) (0.0570) (0.0584)
Model 1
N=5 N =10 N =15 N =25 N =50 N =100
T=10 0.0626 0.0698 0.0274 0.0420 0.0160 0.0092
(0.2324) (0.4080) (0.5344) (0.7618) (0.9806) (1.0000)
T=15 0.0590 0.0378 0.0442 0.0270 0.0098 0.0116
(0.1210) (0.1550) (0.2650) (0.4014) (0.5226) (0.9120)
T=25 0.0420 0.0340 0.0610 0.0266 0.0214 0.0142
(0.0798) (0.0836) (0.1478) (0.1484) (0.2128) (0.8970)
T =50 0.0516 0.0428 0.0406 0.0220 0.0284 0.0118
(0.0638) (0.0586) (0.0716) (0.0538) (0.1018) (0.1034)
T =100 0.0496 0.0646 0.0336 0.0252 0.0204 0.0190
(0.0548) (0.0758) (0.0466) (0.0456) (0.0438) (0.0554)
Model 2
N=5 N =10 N =15 N =25 N =50 N =100
T =10 0.0466 0.0074 0.0148 0.0068 0.0008 0.0004
(0.2896) (0.2954) (0.5306) (0.7846) (0.9682) (1.0000)
T=15 0.0360 0.0152 0.0262 0.0056 0.0030 0.0006
(0.1352) (0.1304) (0.2584) (0.2910) (0.5380) (0.7840)
T=25 0.0434 0.0178 0.0086 0.0194 0.0108 0.0020
(0.0674) (0.0608) (0.0446) (0.1240) (0.2042) (0.2722)
T =50 0.0510 0.0158 0.0370 0.0280 0.0076 0.0044
(0.0726) (0.0312) (0.0722) (0.0710) (0.0388) (0.0466)
T =100 0.0576 0.0518 0.0342 0.0368 0.0200 0.0184
(0.0666) (0.0632) (0.0466) (0.0536) (0.0398) (0.0480)
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Model 3

N=5 N=10 N=15 N=2 N=50 N =100
T=10 00658 00560  0.0494  0.0446  0.0366  0.0318
(0.5016) (0.8154) (0.9528) (0.9978) (1.0000) (1.0000)
T=15 00656  0.0490  0.0524  0.0460  0.0308  0.0332
(0.2716)  (0.4368) (0.5870) (0.7714) (0.9826) (1.0000)
T=25 00672 00538 00466  0.0556  0.0462  0.0460
(0.1564) (0.1956) (0.2658) (0.4038) (0.6664) (0.8992)
T=50 00600 00658 0058  0.0524  0.0494  0.0452
(0.0932) (0.1200) (0.1326) (0.1650) (0.2632) (0.8954)
T =100 0.0676 00630  0.0592 00514  0.0566  0.0520
(0.0824) (0.0836) (0.0896) (0.0922) (0.1278) (0.1752)
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Table 3. Power of the statistics with a known break

Model 0
A N=5 N=10 N=15 N=25 N=50 N=100
0.01 T =10 0.0734 0.1046 0.0514 0.0704 0.0852 0.0826
T=15 0.1042 0.0604 0.1464 0.1440 0.1502 0.1934
T=25 0.1372 0.1158 0.2184 0.2544 0.4354 0.6232
T =50 0.3916 05060 0.6602 0.9738 1.0000 1.0000
T =100 0.9918 0.9992 1.0000 1.0000 1.0000 1.0000
0.03 T =10 0.0856 0.1438 0.0710 0.0986 0.1804 0.2010
T=15 0.1800 0.0754 0.3484 0.3234 0.4068 0.6372
T=25 0.3114 0.2748 0.6114 0.7292 0.9744 0.9992
T =50 0.8722 0.9710 0.9976 1.0000 1.0000 1.0000
T =100 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Model 1
A N=5 N=10 N=15 N=25 N=50 N =100
0.01 T =10 0.0714 0.0668 0.0808 0.0700 0.0886 0.0974
T=15 0.0798 0.1086 0.0814 0.0898 0.1114 0.1232
T =25 0.0900 0.0854 0.1286 0.1574 0.2030 0.2718
T =50 03490 0.2528 0.2526 0.4124 0.7838 0.9498
T =100 0.8822 0.8470 0.9996 1.0000 1.0000 1.0000
0.03 T =10 0.0718 0.0752 0.1008 0.0860 0.1204 0.1270
T=15 0.0908 0.1348 0.1248 0.1228 0.1966 0.2542
T=25 0.1306 0.1542 0.2786 0.3686 0.5568 0.7964
T =50 0.8002 0.6956 0.6838 0.9468 1.0000 1.0000
T =100 0.9998 1.0000 1.0000 1.0000 1.0000 1.0000
Model 2
A N=5 N=10 N=15 N=25 N=50 N =100
0.01 T =10 0.1364 0.0208 0.0382 0.0532 0.0918 0.0476
T=15 0.0630 0.0674 0.0484 0.0854 0.0894 0.0864
T=25 0.0698 0.0828 0.0898 0.1076 0.1414 0.1846
T=50 0.1474 0.2306 0.1652 0.2852 0.7600 0.8244
T =100 0.6886 0.8866 0.9986 0.9950 1.0000 1.0000
0.03 T =10 0.1402 0.0252 0.0446 0.0720 0.1156 0.0638
T=15 0.0748 0.0912 0.0740 0.1124 0.1382 0.1632
T=25 0.1174 0.1176 0.1590 0.2552 0.4298 0.5770
T=50 03376 0.6526 0.5046 0.8426 0.9998 1.0000
T =100 0.9988 1.0000 1.0000 1.0000 1.0000 1.0000
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Model 3

A N=5 N=10 N=15 N=25 N=50 N =100
0.01 T =10 0.0918 0.1254 0.0304 0.0720  0.0572 0.0392
T=15 00718 0.0572 0.0808  0.1188  0.0804 0.0858
T=25 0080 0.0690 0.1052 0.0984  0.1422 0.1542
T =50 0.1556 0.1484 0.1466  0.2438  0.6456 0.7338
T =100 0.6838 0.8040 0.9842 0.9778  0.9998 1.0000
0.03 T =10 0.0938 0.1332 0.0378 0.0854  0.0684 0.0452
T'=15 0.082 0.0738 0.1106  0.1408  0.1112 0.1448
T=25 01294 0.0884 0.1984 0.1834  0.3816 0.4562
T=50 03972 04104 04162 0.7660  0.9986 1.0000
T =100 0.9990 1.0000  1.0000  1.0000  1.0000 1.0000
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Table 4. Power of the test with an unknown break

Model 0
A N=5 N=10 N=15 N=25 N=50 N=100
0.01 T =10 0.0640 0.0632 0.0432 0.0510 0.0514 0.0422
T =15 0.0814 0.0648 0.0526 0.0586 0.0940 0.0850
T=25 0.1096 0.1640 0.1242 0.2986 0.2634 0.2806
T =50 03748 0.9160 0.6516 0.8366 0.9996 1.0000
T =100 0.9980 0.9076 1.0000 1.0000 1.0000 1.0000
0.03 T =10 0.0748 0.0940 0.0642 0.0810 0.0948 0.1074
T=15 0.1558 0.1188 0.1074 0.1288 0.2842 0.3278
T=25 0.2696 0.4178 0.3204 0.8400 0.8246 0.9536
T =50 0.7982 0.9998 0.9976 1.0000 1.0000 1.0000
T =100 1.0000 0.9998 1.0000 1.0000 1.0000 1.0000
Model 1
A N=5 N=10 N=15 N=25 N=50 N =100
0.01 T =10 0.0624 0.0528 0.0502 0.0546 0.0246 0.0234
T=15 0.0824 0.0750 0.0436 0.0742 0.0448 0.0088
T =25 0.0574 0.0558 0.0746 0.0410 0.0536 0.0382
T =50 0.1666 0.3372 0.1632 0.3316 0.6382 0.8198
T=100 0.2746 0.8616 0.9958 0.9996 1.0000 1.0000
0.03 T =10 0.0614 0.0554 0.0580 0.0548 0.0300 0.0320
T=15 0.1082 0.0956 0.0526 0.1058 0.0872 0.0182
T=25 0.0782 0.1240 0.1266 0.0840 0.2468 0.2746
T =50 04022 0.8852 0.5722 0.9250 0.9998 1.0000
T =100 0.7896 1.0000 1.0000 1.0000 1.0000 1.0000
Model 2
A N=5 N=10 N=15 N=25 N=50 N =100
0.01 T =10 0.0528 0.0232 0.0024 0.0158 0.0158 0.0012
T=15 0.0336 0.0380 0.0120 0.0100 0.0012 0.0002
T=25 10.0392 0.0224 0.0340 0.0364 0.0244 0.0094
T=50 0.1108 0.1206 0.0568 0.2554 0.1642 0.7076
T=100 0.9102 0.6232 0.9404 0.9416 0.9832 1.0000
0.03 T =10 0.0584 00250 0.0022 0.0200 0.0012 0.0000
T =15 0.0396 0.0502 0.0140 0.0152 0.0034 0.0006
T=25 0.0598 0.0364 0.0686 0.0896 0.1170 0.0772
T=50 03394 0.5062 0.2466 0.8910 0.9008 1.0000
T =100 1.0000 0.9982 1.0000 1.0000 1.0000 1.0000
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Model 3
A N=5 N=10 N=15 N=25 N=50 N =100
0.01 T =10 0.0646 0.0512 0.0524 0.0456 0.0366 0.0356
T=15 0.0614 0.0534 0.0524 0.0436 0.0540 0.0464
T=25 0.0808 0.0734 0.0638 0.0838 0.0820 0.1170
T =50 0.1382 0.1764 0.1810 0.3774 0.4536 0.5538
T =100 0.4606 0.4762 0.9300 0.9904 0.9976 1.0000
0.03 T =10 0.0664 0.0536 0.0574 0.0480 0.0390 0.0488
T=15 0.0724 0.0638 0.0588 0.0590 0.0826 0.0774
T=25 0.1160 0.1076 0.1084 0.1636 0.2028 0.3718
T =50 0.3264 0.5280 0.5966 0.9222 0.9912 0.9990
T=100 0.9730 0.9798 1.0000 1.0000 1.0000 1.0000

6 Conclusion

In this paper we propose testing for stationarity allowing for a break in hetero-
geneous panels where the time dimension is finite. The assumption of T finite
makes our tests suitable for micro as well as macro panels. Moreover, the test
is valid in principle for any (7T,N) blend which is not the case when the test
is derived under the assumption of T — oo. In the latter case, the validity of
the test requires the condition N/T' — 0, making the test applicable to panels
where T is larger than N. The first two finite-sample moments of our tests
are derived analytically for all the four models of breaks using two approaches:
Laplace Transform and Ghazal’s (1994) lemma 1. The limiting distributions of
the test statistics are shown to be normal. We also consider the more realistic
case where the break location has to be estimated. Monte Carlo simulations
show that our proposed tests have generally empirical sizes that are very close
to the nominal one, except for models 1 and 2 with unknown break, and their
power increases significantly with N, T" and A. The results also show that the
assumption that T is fixed rather than asymptotic leads, generally, to tests that
are considerably less size distorted.
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7 Appendix

1. Proof of Theorem 1, using Ghazal’s (1994) corollary 1
At first, introduce the notation

T
s =" n=1.2,., (14)
=1

19



where it is known that

ng) - w, (15)
R T(T+1)6(2T+1)7 16)
D = T<T4+1> an
N T(T+1)(2T+1)(3T2+3T—1). (s)

30

To simplify matters, let us start by assuming e is a white noise process (the
index ¢ is omitted in the proof). We want to find the first two moments of

_ Tfly’ML’LMy

S
T y' My

under the hypothesis that o, = 0, i.e. 7, = r¢g = 0 for all t. Moreover, since the
distribution of St does not depend on 3, we may without loss of generality set
B = 0, implying y = €. Observe that we gain the special model of Hadri and
Larsson (2002) by putting Z = 17 = (1,...,1)".

To find the required moments, we may use the following lemma, which is
corollary 1 of Ghazal (1994).

Lemma 6 Let x be distributed as N, (0,1,). Then, if F and G are symmetric
p X p matrices of rank r < p that commute, and if F' is idempotent, then

B(oot) e (19)
¢'Gz o, 2tr(G?) + (tr G)?
E{(ax’Fx)2} n r(r+2) (20)

It is easy to see that F = M'M = M and G = M'L'LM are symmetric,
that they commute and that F' is idempotent. As for the rank, the M matrix
is idempotent, hence the rank equals

trM =TT 'tr(Z2Z")=T —p.

trG = tr(M'L'LM)
tr (MPL'L) = tr (ML'L) =tr {L'L — Z(2'Z)"*Z'L'L}
= tr(L'L)—wr{LZ(Z2'Z)'Z'L'}.

Here, from (14),
tr (L'L) = s{". (21)
Hence, (19) yields

B(Sr) =T (T-p)7 (s =s1), si=w{Lz(2'2)' 2L}, (22)
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The value of s7 depends on the specification of Z.
To find the second moment, since

tr(G?) = te{(M'L'LM)*}
= u{mrr)’}
= u|[{(m-2(22)7'2) U'L)’]
= w{w’} 222272 W’} +u[{L2(22)7 20}
Hence, because

tr {(L’L)Q}

12T —1)+222T —3) +...+T%-1

%T(T+1) (T?+T+1) =0, (23)
(cf Hadri and Larsson (2002)), we have
tr {(ML’L)Q} —b— s,
where
s5=2tr {Z(Z’Z)”Z’ (L’L)2} - [{LZ(Z’Z)*Z’L’}Q] L (24)
Thus, according to the (20), we obtain,
E(SF)=T(T—p+2) ' (T—p)~" {2 (b—s5) + (ng) - 31‘)2} . (25)
The values of s7 and s depend on the choice of Z.

7.0.1 Model O
As for Model 0, we have Z = (11, d;) , where d; = (O’TB, 1’T7TB)/. Consequently,

11y 1.d T T-T 1w

lr7 7T 71 _ B _ 7
ZZ_(d/llT dlld1>_<T—TB T—TB>_T(UJi wi)’
where w; = (T'— Tg) /T. Hence, it follows that

—1 _ —1 Wi —W;
(Z'72) =T"'w 1(1—w,) ( s 1 >, (26)
and so, introducing 2. (w; B') = w; B’ + Bw), for arbitrary matrices w; and B,

- L _ w; W 1
2Z2'2)7' 7 = T w1 —w) 1(1T7d1)( w1 >( dglr )

7

= T 1 _1 (1 - (JJ»L) ! {wilTllT - wiQC (1Td,1) + dldll} . (27)
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Hence, putting

Ly = (1,2,...7) =1,
Ld, = (0,..,0,1,...T —Tg) = 1.,,

we get

LZ(Z'Z) 7 Z'L =Tt (1 —w) ™ {wirt —wi2e (770,.) + 7wl } s

implying
st =T wit (1—wi) Hwi (77 = 27'70,) + 70, 7w } -
Here,
T
R )
i=1
T—Tp
TITwi = Z (’L + TB)Z — SéwiT) + (1 _ wi) ngwiT)7
i=1
T-Tg
T:ul‘Twi = Z i’ = SéwiT),
i=1

and so, using (15), (16) and simplifying, we find

) 1 1\°
— st = {T? 4 4+4T? (w; — = .
51 51 12{ + (Wz 2)}

Hence, inserting into (22) with p = 2,

T+2 T 1\?
E(ST)— 19T +3(T—2) (Wi_2> .

Observe the symmetry in w; — 1/2. In particular, if w; = 0 or 1, we get

1 7% -2
BN =55 m oy

(34)

cf the corresponding result of Hadri and Larsson (2002), which is (T'+ 1) / (6T).
To find the second moment we, in view of (25), need to calculate s3. To this
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end, using

T T !
L'r = (ZzZzT)
=1 =2
1
= (@@ +1),(T-1)(T+2),...2T) = v, (35)
T-Tg T-Tg T-Ts !
L/Twi = ( ia ) 2, 2, 7T_TB>
=1 =1 =2
1
= —(wiT (WT+1),.,wiT (T +1), (T — 1) (wT +2),..., 2w;T)

Viis
we find via (30) that

L'LZ(Z'Z2)'Z' 'L =

(36)

T’lwi_1 (1-— wi)*1 L {wiTT' — w2 (77;1) T Tw, Ty, } L
71,71 (1- wi)fl {wim/ — w2 (’U’U ) + vy, v wl} .

?

Hence,
tr{Z(Z’Z)*lz’(L’L)Q} = w{l'Lz(Z2)'ZL'L}
= Tt 1 —w) e, (37)
where
c1 = w; (Vv —20'0,,) + v}, U, s
with
1 T
/ o . 2 N2
v = ZZ;(T—erl) (T +1)
1
= %T(TJrl) (2T +1) (21% + 2T +1)..

Similarly,

vy,

1 (1-wy)T

= ol (@T+1) 2 (T —i+1)(T +14)
1 w;T
+Z (W T —i+ 1) (wT+)(T+i+(1—-w;)T)
i=1
and
1 13X
Vou, = 7 (L= w)T (w;T)* (wiT + 1) + 1D (@il —it D2 (w; T +1)°.

1

-
Il
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Moreover, via (30),
AV ARV IS
= T2 2 (1—w) H{wirr —wi2e (770,) + T, }
= T (1= w) 7 W {(r) = 2 () 26 (77L)) + (26 (77L)) ")
i {20 ((77) (rn7l,)) = 2 (2 (770) (Tl )} + (ra7l)’]

implying
tr {{LZ(Z’Z)*Z’L’}Q} =T 2w 2 (1 - w;) e,

where
2 7 \2 / / / 2 / /
ca w; {(T T) —4 (TwiT) (r'r)+2 (TwiT) +2 (TwiTwi) (t T)}

+w; {2 (Tfuf)2 —4(7),7) (T:JiT“’i)} + (TLMTM)2 .

Here, from (31)-(33), (15) and (16),

't = éT (T+1)(2T+1), (38)
TL,T = %wiT (wiT +1) 2w, T+ 1) + % (1 — w;) wiT? (w;T + 1)

- éwiT(wiT—i-l){(?)—wi)T-i-l}, (39)

ToTw, = éwiT (WiT+1) (2w, T +1). (40)

Now, (23), (24) and simplifications yield

1\” 1\*
b—sy = { =56 + 1077 + T* + T° (40+24T2)( —2) + 167" (wi—> }

720
which via (34) and (25) implies

E(S) = %T* (T —2)" ' {-32 - 2012 + 71"

2 4
+877% (—10 4 1177) (wi - ;) + 1127 (wi - ;) }
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7.0.2 Model 1
In Model 1, Z = (1, dy, 7/T), implying, because

T+1
1.7/T = 7;_ ,
T—Tg
T—-T)(T+T 1 1
Q)T = TS (Ty+i) = B)(2T+ 5t )ziwi{(Q—wi)T—i—l},
i=1
T+1)(2T +1)
/ T2 _ (
'/ 6T ,
that
1/T1T 1&,1(11 1/TT/T
7'7 = di1lr didy  d\7/T
17T 7'dy )T 7'7/T?
1 wj %(1+T_1)

=1 1 i 1 1 i 1 1%

which has inverse
/ _1
(Z'Z) "= ci2 coo c23 |,
€13 C23 C33

where the c;; may be expressed in explicit formulae, not given here to save
space. Moreover,

. c11 Ci2 Ci3 17
Z(Z/Z) Z/ = (1T,d1,T/T) C12 C22 Ca23 dll
c13 €23 €33 T'/T

= cnlplly +eo2e (Ird)) + T ers2, (1)
+022d1d/1 + T71C232C (le/) + T72033TT/,

and via (28), (29) and

1 /
Lt = (1,3,...,2T(T+1)) =¢, (41)
we find
LZ (Z’Z)f1 Z'L = eyt + 122, (TT{W) + T e132, (Tﬁl)
teooTw,Th, + T eas2e (10, &) + T 2es38¢ . (42)
Consequently,

— !
st = enut' T+ 2107, T+2T teysé'r

el T, + 2T Tepst Ty, + T 2essés,

25



where (15), (38)-(40) and

T
! _ 1 2 (s _i
gr = 21-;2 (i+1) = g, TGBT+1) (T +2)(T +1), (43)
1T—TB
{re = 3 (Ts+1i) (Tp+i+1)i
i=1
lwiT
=1
1
= il (@ +1) (T?w; — 4T%w; 4+ 6T° — 3w, T + 10T + 2) ,(44)
1 & 1
6= SN 26+ = =TT +2)(T+1) (3T*+6T +1 45
€'¢ 4;z(z+) Gl T +2(T+1) (BT +6T+1),  (45)

yield, after simplifications, writing © = w; — 1/2,

T .1

51081 = o5 (T? — 4+ 127°2%) ™" (208 — 80T? + 7TT* — 640722 4 40722 + 240T"2*) .

Hence, via (22) with p = 3,

1 _
E(St) = EOT*1 (T —3)"1 (T% — 4+ 127%22)

(208 — 80T + 7T — 6407°2> 4 40T z* + 240T"*z?) .

—1

As for the second moment, we get from (35), (36) and

T T
{ Z (i+1), Zzz—l—l

=1 =

l\DM—l
l\D\»—l

DN —

= E
722 (i4+1), T(T—|—1)
i=j

%T(T+2)(T—|—1) é(T—l) (T? +4T +6), ...,

I
—

1 1 !
6(T+1—j) (T2+2T—|—jT+j+j2),...,QT(T—i-l)}

= 9, (46)
that, via (42),

LLZ(Z'Z) ' Z'UL = enov' + 2. (o0),) + T erz2e (vg)
ooV, Uy, + T 232 (Va, @) + T 2c330¢),
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implying
M= tr{Z(Z’Z)*Z/ (L’L)2}
= c11v'v+ 2120, 0 + 2T e3¢
+e220), Ve, + 2T easd've, + T 2c339 .
Here, via (35), (36) and (46),

T
1
dv = 5D (TH1=) (T2 + 20 +4T +j +5°) (T +3).
j=1
1 —Ww;
¢/’Uw,-, = 12 T(wT+1) Z T+1—] T2+2T+jT+j+j2)
1w,‘T
g 2 (3% 48T 43T = 8T%w; +j = Tw; + 5 = 2Tw; + T°3)

(wiT j+1) (sz+])

T
1
0 = o> (T+1-4)° (T +2T 45T +j+5°)".

J:1

Moreover, from (42),

{LZ (z'2)”" Z’L'}2 = {eurr + 2. (770,) + T ers2. (1€')
teaoTuw, Tl + T eas2e (10,€) + T720335§/}2 ;
implying
sV

tr [{LZ (z'z)™" Z’L’}Q]

= (7'7)2 +4crierz (71, 7) (7'T) + AT Yeqic15 (&'7) (7'7) + 2c11c00 (70, 7)
+4T eyyeas (10, 7) (€7) + 2T 2cr1e33 (7€) + 222, {(Tfuir)2 + (70, 7Tw,) (T’T)}
HAT erzers {(70,7) (7€) + (7'7) (70,€) } + deraean (7, 7) (70, 70,)

HAT e { (70, 7w:) (7€) + (70,,7) (70,6) } + AT 2craess (7,€) (7€)

1oT 22, {(7'5)2 + (7'7) (5’5)} + AT ez (7,7) (7€)

AT 2¢15003 { (7),,7) ( €) + (7€) (7€)} + AT 3cizess (7€) (€'€)
By (71,70 ) + AT Veaneas (10, 70,) (7,€) + 2T 2eaness (71,.€)°
#2726, { (71,€)" + (7L 7e) (€€) } + AT aness (71,.8) (€°€)

e (¢ 5) (47)

2
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Hence, because by (24),
(1) (1)

sy =21 — ¢y,
we get via (23),
E (%)
2
- T2(r-1)" N (T-3)7" {(s@ —st) +20- s;)}

{50400T2(T — 1) (T = 3) {T2 (1 4+ 1222) — 4}2} B

(69) and simplifications that

{=3968 + 725 (@) + TV (@) + TORY (@) + T8V (@)},
with = w; — 1/2,
() = 160 (—145+522%),
D(z) = 56 (291 + 196022 + 4400z*) ,
() = —10(355+ 33882” + 26768z + 658562°)
() 247 + 14802 + 31360z* + 9408025 + 2419202°.

7.0.3 Model 2

As for Model 2, we have Z = (1p,7,,/T,7/T). Moreover, denoting the entries
of (Z'Z)~ byc( ) for 7,7 = 1,2, 3, we get as in Model 1

1 2

7' = Pl + T2 (107),,) + T3 2. (177)
+T~ 20é22)7'wz Th + 772 (?20 (TTZM) + T 20%)7'7

7(2'2)”

Moreover, (28), (41) and

Lr, = (0,...,0, 13, %WZT(%TJF 1)>I —¢, (48)
yield
Lz(Z2) ' 2L = e+ 17 D)2, (r6L) + T2, (7€)
FT ey €, 60, + T2 20 (€€1,,) + T2 €€ (49)
implying
57 = C§21)T/T+2T 10522)5 T—|—2T_1C%)§/T

T2 €, E, + 2T 2 €L E+ T2eFee.
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Here,

!
gwiT =

—Tp
Z (i 4+ 1) (Tp + 1)

‘,_. w\»—'

= 24(T—TB)(T—TB+1)(T—TB+2)(TB+1+3T)

1
= ST @l +1) @I+ {4 -w)T+1},
T Tg

ge = = Z (i4+1)(Tg +14) (T +i+1)

1
= o0 (T —Tp) (T —Tp+1) (T —Tp +2) (Th + 37T + 3T + 2+ 61° + 127)

1
= il (w;T + 1) (w;T +2) (107% — 5w;T? + w;T? + 15T — 3w, T + 2),

RN 2 (. 2 1 22
€ by = izz (i+1) :@wiT(wiT—l— 1) (wiT +2) (3wiT? + 1+ 6w;T),

which together with (38), (43) and (45) yields, inserted into (22),
E(ST)
= 7 (T-3)7" (ng) - si)

{1207 (T - 3) (=2 — T* + 4T'w + 4T°2°) }
(112 4 287° — 5T* — 224Tx + 8T%x — 176T%2” + 8T*x* + 96T°2° + 48T*z*) .

-1

(Observe that the symmetry in x is no longer present.) As for the second
moment, we get via (35), (46) and

) 1 w; T w;T
re, = 5 Z (i+1),.., i

=1 =1
!
w; T w;T
i(i41),.0) i+ 1), wT (T +1)
i=2 i=j

1 1
1
5 (wT —1) (wiT? + 4w; T +6) , ...,

1 . : L '

P, (50)
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that, from (49),

LLZ(Z'Z) ' Z'UL = enov' + T ten2. (vd),,) + T terz2e (vd)
+T o0, 0L, + T 2c232c (09,,) + T *ca309,

which yields

? tr {Z (z'z)" 7z (L’L)Q}

ciiv'v + 2T_1012¢;1_U + 2T teig0'v
+T 2209, b, + 2T *cosdy, & + T *cs3¢' 0,

where, using (35), (46) and (50),

(lfwi)T
1
v = Wil Wil +2) (T +1) > (T —i+1)(T+1)
=1
1 wiT
+EZ(%T+ 1 -0 {w?T? + 2+ i) wT +i+ 2} {(2—wi) T +1},
=1
1 (17wi)T
¢L0 = %wiT(wiT—i—Z) (WT+1) > (T+1—i) (T +2T +iT +i+i°)
=1
1 wiT
%Z(wiT—i— 1—49)* {w?T? + (2 +4) wiT 4+ + %}
i=1
(37% 4+ 3T + 3T — 3T°w; + i — w;T + i* — 2wiT + w;T?) ,
1
Wb, = 3T @I+ @ T+ 1) (1 ~w)T
1 w; T
g 2 (Wil +1- DT + 2+ i) w, T +i+i2}.

i=1

Further, via (49) we get the corresponding expression to (47) for the corre-

sponding quantity cg ), inserting 7~ 1§ for 7, and as in the former Model,
simplifications yield

(ST = 90 Zf(l)

30



where

ol (&) = 1680072 (T —1)(T — 3) (~2 — T + 4Tz + 4T?2?)°,
D(z) = 768,
fl) (z) = -3072z,
W(x) = —4120 + 867222,
() = 8688z + 87682,
() = —1362+ 36322 — 29600z",
D (z) = 23762 — 793623 — 328962,
() = —48+ 135222 + 14722* + 21762°,
W (z) = —72z — 204823 + 65282° + 112642”,
D(z) = 37— 722% — 10242 + 217625 + 28162°.

7.0.4 Model 3

In Model 3, Z = (1g,dy,7/T, 7, /T), and denoting the entries of (Z'Z)™" by

o,

we get
AVARA
= V1 + )2 (Lpdy) + T3 2, (') + T2, (177,
S dyd, + T2, (dyr') + T2, (dir,,)
I (S)TT + T~ QCgi)Q (TTwi) + T cﬁ)T%T'

Wi

Hence, we find in the usual manner that

LZ(2'2) " 2'L

= Cﬁ)TT +C(3)2 (’T ! )+T_ 3)2 ({) B 3)2 (§ )
—l—céQ)Twz Ty, 17 053)2 (Twzg)—FT 10541)2 (rwlg’ )
T2 + T2 (66L,) + T2ele £, (51)
which yields
57 = Cﬁ)T/T-i-ch) b, T+ 2T C%)fT-i-QT 103)5 T

—|—c§5)7':u Tw, +2T~ 10&?5 Tw; + 2T*10§1 €0 T

+T25)ee 22l e + T3¢l €,

where

w; T
1
€l Tus Z (i+1) = S7wil (Wil + 1) (wiT +2) (BwiT +1).
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Hence, via (22) (with p = 4) and simplifications, we find

T T -4 (s - s)

1 -
) Y16+ T% + 4T%%) .

E(Sr)

Note the symmetry in x and the surprising (?) resemblance to the corresponding
formula in Model 0.
To find the second moment, (51) yields
'Lz (2'2)"' Z’L'L
= cﬁ)vv —1—052)2 (vl )+ T~ lc(l?g 2. (ve') +Tflcgi)2c (vey,,)
+c§;>% W, + T2 (vo,0) + T 1c§22 (Vi 0L,
T2 00 + T2 2, (60L,) + T725Y 6, 0L

and so,
P = {Z(Z’Z)‘1 7' (L’L)2}
= cgi)v'v + Qng)Uw v+2T" 10(1“; ¢'v+2T~ 1c§i)¢ v
+c§?§)vfu vy, + 2T~ 1023)¢ Uy, + 2T~ 1024)r,z5 U,
+T 2‘3%33 ¢'¢+ 2T~ 034)¢ O+ T2 (3 ¢w1¢¢w
where
1
Dy Vy = EW‘ZT? (w;T +1)* (Wi T +2) (1 —w;)) T
1 w; T
g 2 (Wil +1—10) 2 (WIT? 4 2+ ) wiT 4 + %) (Wil +1),
=1
1 T
Pv = E; (TH+1-9)* (T*+ Q2 +)T +i+%) (T +1i).

Furthermore, (51) yields
1 2
{LZ(Z’Z) Z’L’}
- (3) (3) ! -1.(3) / —-1.(3) '
= {c T 4y 2 (TT ) + T "5 2, (T§ ) + T ey 2, (Tﬁwi)
ey T, + T2 (10,6) + T )2 (10,6L,)

ST dDee + T, (66L,) + TN EL )
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implying

C§3)

tr [{LZ (z'z)™ Z’L’}2]

2 (7 ) 24Dy (1 7) (') + 4T R ) (¢7) (')

AT Vel (€L,7) (') + 2 ey (7, 7)" + 4T e el (7L,7) (€77)
T DA (7, 7) (€, 7) + 27260 (67 + 472D (€'7) (€ )
+2r 23 (¢, 7)? +2c(3>2{(7 1) () (1)}

+477 C12 13{ )( ) (Tlif)}

AT {(1,7) (€L, ) 7'7) (€, 7w,) }

+aeld) ey (71,7) (7, 7w,) + AT~ 1c§§’cé?{(mm) () + (7o, 7) (72,6) }
+4T~ cmcz){ o Tw) (E6,7) + (70, 7) (€, 7w,) }

AT 263 ) (71,€) (€'7) + 4772 el {(6'7) (€, 70) + (70,6) (€L,7)}
+4c§i>cii (f 7o) (€,7)

+2r 2 { (¢'7) + (') (s’s)}+4T 23 e {(7'7) (€L,€) + (€b,7) (€7)}
AT 3 ) (7,7) (7L,6) + 4772 ey { (7L, 7) (€'€) + (71,,€) (€'7)}
+4T™ 01302){(7 7’)(/ ) ( )( iT)}+4T 30%033 (7€) (515)
AT e e {(€°€) (6L,7) + (€'7) (6,9} +4T*el ey (€1,€) (¢L,7)
12027 {(77) (6,80) + (60,7} + 4T el (7L, 7) (€lmes)
+4T7? 14023){(711 7) (€.,,6) + (¢ )(ffuTW)}

+4T 72 c14 £ {(7,7) (5%5%) (€L,7) (€L, 7w } + 4T3y (€7) (€1,9)
+4T 3y { (6'7) (€h,60,) + (€0,7) (€4, } +4T2c{Ye (¢,7) (€,80,)
$el? (Lo ) AT G (L) (L) + 4Tl (1L ) (Eliman)
+27" cé;cé?( 08 AT 2 el (70,,€) (€h,7w) + 272 e (€, 70.)
+27 2 {(T O+ (7 7w) («Ef)}

HAT 2 e {(70,,70) (6,€) + (7L, 8) (€h,7w) } +4T 53 el (71,€) (€°€)
AT 36 e {(€0,) (71,6) + (€h,7w.) (€€) ) +AT 3 (€1,€) (€L,,7w,)
+2szcg4> {(€hma)” o (L) (€Lga) |+ AT 70l (€L,6) (7L.8)
+4T 3¢ 24 Cg){(f £ )(T, f) (fl Tw-) (f/ 5)}+4T 30&? Cyq (5 £, )(f;ﬁwi)
+T° c3%’2 (€€)" + 4T~ 1e3) el (€L,6) (€'6) + 273 Y (¢L,€)”

20 e { (6,6)° + (€1,60,) (€9 +4T el (€L,60) (€1,6)

+T e (€,60.)° 53

!
Tw; T
!

w, T

i

AVAA



In the usual way, this yields
E(S7)
— T 2T -2 (T —4)" {(ng> - s*;)2 +2(b— s;)}
= {50400(T — 4)(T — 2)T%} "
(2752 — 124472 + 67T* — 4976T°2* + 7127"2* + 10727 2") .
Proof of Theorem 1 using Laplace Transform

As in Hadri and Larsson (2002), we get

E(Sp) = T‘l/ det Py 2 aqdr, (52)
0
oo
E(57) = T_Q/ det Py 2 ayrdr, (53)
0
where
Py = Ip+2rM?, (54)
ar = tr(Py'M'L'LM), (55)
az = {tr (B M LLM)Y + 20 { (P ML M) (56)
To find det Py, observe that
M?=M=1Ip—2(Z2'2)" 7, (57)
implying
2r
Py=(1+2r)Ip — AV
o= o {1 - 2 zzzy 7,

and the identity
det (I, — VW) = det (I, - WV),

where V' and W are arbitrary n x m and m X n matrices, respectively, yields,
for a T X p Z matrix,

det Py = (1+2r)7 det (Ip - 142:"27“110) = (14277, (58)
Moreover, it is easily seen that
Pot=+2r) I +2r2(22)712'}, (59)
and so, (55) yields
ar = (1+2r) " oo (M'L'LM) +2rte {Z2(2'2)" 2’ M'L' LM }]
= (1+2r) "tr(M'L'LM), (60)
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where the second equality follows from M Z = 0. Hence, because L and M do
not depend on r, we get via (58) and (52) that

[oe]
E(Sr) = T—l/ (14 2r) T 2270 g (ML) LM)
0

T=(T —p) " tr (M'L'LM). (61)

Further, via (57),

tr (M'L'LM) = tr (M°L'L) =tr(ML'L) =t {L'L—Z(2'Z)"'Z'L'L}
= tw(L'L)—twr{LZ(Z'Z)'Z'L'}. (62)
Here, from (14),
tr (L'L) = s{7. (63)

Hence, (61) yields
E(Sr)=T"'(T - p)~" (ng) - ST) L si=w{L2(Z2)7'Z'L'}. (64)

The value of s7 depends on the specification of Z. To find the second moment,
we at first use (59) and M Z = 0 to find

MPyt=(1+2r)"" M,

implying
wf{(Pim'L'LM)’
- tr{(MPO‘lM’L/L)z} =(1+2r) 2t {(MM’L’L)Z}
= (1+2n) % {(ML’L)2} . (65)
Moreover,
tr {(ML’L)Q}

= ul{(lr- 2222 'L}’
— tr {(L/L)Z} P {Z(Z’Z)*lz' (L’L)z} bt [{LZ(Z’Z)*Z’L'}Q] .
Hence, because

tr{(L’L)Q} 1227 —1) + 22 (2T — 3) + ... + T2 - 1

1
= 6T(T+1)(T2+T+1)zb, (66)
(cf Hadri and Larsson (2002)), we have

tr {(ML’L)Z} —b— s,
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where
5= 2tr {Z(Z’Z)*lz’ (L’L)Q} —tr [{LZ(Z'Z)*lz'L’}z] . (67)

Thus, via (65) inserting together with (62)-(22) and (60) into (56), we get

az (14202 {tr (M'L'LM)}? + 2 (1 +2r) %t {(ML'L)2}
= (1427 (ng> - s;)z +2(142r) 2 (b—sh),
and so, using (53) and (58),
E (S%) (68)
= T2 /OO (1+2r) T2 gordr

2
/ (1+2r)" (T=p)/2=2 1. g (ng) — s’f)

T~
{(7=st) +200- 5]
T

drope2) @ (0 - s) 20 [ @

The values of s7 and s5 depend on the choice of Z. The rest of the proof is the
same as above.
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