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Abstract 

The long-time debate between Bayesians and Frequentists is unusual among 

philosophical arguments. This paper used a Monte Carlo approach to evaluate the 

performance of Bayesian and Frequentist estimators of a binomial proportion. The result 

showed that the Bayesian estimator outperformed the Frequentist estimator even when 

judged by the Frequentist criteria of mean squared error. 
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1.0  Introduction 

At the present time, there exist two very different approaches to statistics. These are the 

traditional “Classical’ or “Frequentist” approach and the “Bayesian” approach. The main 

difference centered on the notion of probability they employ. The objectivity of the 

Frequentist statistics is obtained by disregarding any prior knowledge about the process 

being measured. Bayesian statistics uses both sources of information; the prior 

information we have about the process and the information about the process contained in 

the data.  

 

In the past, Bayesian methods were of limited practical use, since analytic solutions for 

the Bayesian posterior distributions were only possible in few cases, and the numerical 

calculation of the posterior often was not feasible because of lack of computer power. 

Recent developments in computational innovations and the development of Markov chain 

methods for sampling from the posterior have made Bayesian methods possible, even in 

very complicated models. The Bayesian approach claims several advantages over the 

classical approach. A complete and more persuasive listing of the advantages of the 

Bayesian approach can be found in Zellner (1974).  

 

In recent times, there has been a vicious controversy among the “believers” of these two 

approaches. Some references suitable for exploring the Frequentist/Bayesian controversy 

are Efron (1986) and associated commentary, Poirier (1988) and related discussion. 

Weber (1973) examines the history of the Bayesian controversy. Koop (2005) is an 
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excellent exposition of progress in applied Bayesian econometrics, with particular 

emphasis on computational considerations.  

 

As a contribution to this raging controversy, this paper attempts to compare the 

performance of the Frequentist and the Bayesian estimators of a binomial proportion 

based on a Monte Carlo Experiment. Judging from the mean square error criterion, the 

result shows that the Bayesian estimator (using Beta (1,1) prior) is better than the 

Frequentist estimator.  

 

The rest of the paper is divided into four sections. In section 2.0, we derived the Bayesian 

estimator of binomial proportion. In section 3.0, we described the Monte Carlo 

experiment. The result of the experiment is presented and discussed in section 4.0 and 

finally the concluding remark is given in section 5.0. 

 

2.0  Bayesian Estimation of Binomial Proportion 

In this section, we followed Bolstad (2004) approach to derive the Bayesian estimator of 

a binomial proportion. Often we deal with a large population whereπ , a proportion of the 

population has some attribute. We take a random sample from the population and let Y be 

the observed number in the sample having the attribute. We are counting the total number 

of “successes” in n independent trials where each trial has two possible outcomes, 

“success” and “failure”. Success on trial i means the item drawn on trial i has the 

attribute. The probability of success on any single trial is π , the proportion in the 
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population having the attribute. This proportion remains constant over all trials because 

the population is large. 

 

The conditional distribution of the observation Y , the total number of successes in n trials 

given the parameter π , is binomial(n, π ). The conditional probability function for y 

given π is given by 

 

 ( ) ( )( / ) 1 n yn y
yf y π π π −= −  for y = 1, . . . , n. 

Here we are holding π fixed, and looking at the probability distribution of y over its 

possible values. 

 

If we look at this same relationship between π and y, but hold y fixed at the number of 

successes we observed, and let π vary over its possible values, we have the likelihood 

function given by 

 ( ) ( )( / ) 1 n yn y
yf y π π π −

= −  for 0 1π≤ ≤  

We see that we are looking at the same relationship as the distribution of the observation 

y given the parameterπ , but the subject of the formula has changed to the parameter, for 

the observation held at the value that actually occurred. 

 

To use Bayes’ theorem, we need a prior distribution g(π ) that gives our belief about the 

possible values of the parameter π before taking the data. It is important to realize that 

the prior must not be constructed from the data. Bayes’ theorem is summarized by 

posterior is proportional to the prior times the likelihood:  
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 ( ) ( ) ( )/ /g y g f yπ π π∝ ×  

This gives us the shape of the posterior density, but not the exact posterior density itself. 

To get the actual posterior, we need to divide this by some constant k to make sure it is a 

probability distribution, meaning that the area under the posterior integrates to 1. We find 

k by integrating ( ) ( )/g f yπ π× over the whole range. So, in general, 

 ( ) ( ) ( )

( ) ( )
1

0

/
/

/

g f y
g y

g f y d

π π
π

π π π

×
=

×∫
 

which requires an integration. Depending on the prior g(π ) chosen, there may not 

necessarily be a closed form for the integral, so it may be necessary to the integration 

numerically.  

Suppose a beta(a,b) prior density is used for π : 

 
( )
( ) ( ) ( ) 11( ; , ) 1 baa b

g a b
a b

π π π −−Γ +
= −
Γ Γ

 for 0 1π≤ ≤  

The posterior is proportional to prior times likelihood. We can ignore the constants in the 

prior and likelihood that don’t depend on the parameter, since we know multiplying 

either the prior or the likelihood by a constant won’t affect the results of Bayes’ theorem. 

This gives 

 ( ) ( ) 11/ 1 b n yyg y απ π π + − −+ −∝ −  for 0 1π≤ ≤  

which is the shape of the posterior as a function of π . We recognize that this is the beta 

distribution with parameters a a y′ = + and b b n y′ = + − . That is, we add the number of 

successes to a and number of failures to b:  
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( )

( ) ( ) ( ) 11( / ) 1 n y by an a b
g y

y a n y b
π π π − + −+ −Γ + +

= −
Γ + Γ − +

 for 0 1π≤ ≤ . 

We note that the uniform prior is a special case of the beta(a,b) prior where a=1 and b=1. 

The posterior mean is a very frequently used measure of location. It is the expected value, 

or mean of the posterior distribution. 

 ( )
1

0

/m g y dπ π π′ = ∫  

When the posterior ( )/g yπ is ( , )beta a b′ ′ the posterior mean equals 

 am
a b

′
′ =

′ ′+
 

Now, suppose we use the posterior mean as the Bayesian estimate forπ , where we use 

the beta(1,1) prior (uniform prior). The estimator is the posterior mean, so 

 ˆB
am

a b
π

′
′= =

′ ′+
 

Where 1a y′ = + and 1b n y′ = + − . We can write this as a function of y, the number of 

successes in the n trials: 

 1ˆ
2B

y
n

π +
=

+
 

 

3.0 Monte Carlo Experiment 

We performed a Monte Carlo study approximating the sampling distribution of two 

estimators of π . The Frequentist estimator for π is the sample proportion, ˆ f
y
n

π = , 

where y is the number of successes in the n trials. The Bayesian estimator used is 
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1ˆ
2B

y
n

π +
=

+
 which equals the posterior mean when we used a uniform prior forπ . We 

compared the sampling distributions (in terms of bias, variance, and mean squared error) 

of the two estimators over a range of π values from 0 to 1.  For each of the parameter 

values, we approximated the sampling distribution of the estimator by an empirical 

distribution based on 2000 samples drawn when that is the parameter value. The true 

characteristics of the sampling distribution (mean, variance, mean square error) are 

approximated by the sample equivalent from the empirical distribution.  

For π = 0.1, 0.2, 0.3, …, 0.9 

i. We drew 2000 random samples from binomial (n=10, π ). 

ii. We calculated the Frequentist estimator ˆ f
y
n

π =  for each of 

the 2000 samples. 

iii. We calculated the Bayesian estimator 1ˆ
2B

y
n

π +
=

+
 for each of 

the 2000 samples 

iv. We calculated the means of these estimators over the 2000 

samples, and subtract π to give the biases of the two 

estimators. ˆ ˆ( ) ( )bias Eπ π π= − .  

v. We calculated the variances of these estimators over the 2000 

samples.  

vi. We calculated the mean square error (MSE) of these 

estimators over the 2000 samples.  

2ˆ ˆ ˆ( ) ( ( )) ( )MSE bias Varπ π π= +  
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4.0  Discussion of the Results 

Tables 1-4 show the mean, bias, variance and mean squared error respectively for the two 

estimators over the 2000 samples. From table 1, it is observed that the mean of ˆ fπ  is 

smaller than ˆBπ for π =0.1, 0.2, 0.3, 0.4 but the reverse is the case for higher values of π . 

Similar pattern is observed for the bias of the estimators as shown in table 2. However, in 

terms of the spread of the estimates about the mean, table 3 reveals that ˆBπ is closer. 

Generally, the variance of ˆBπ is smaller than the variance of ˆ fπ for allπ . A clear picture 

emerges in table 4 and the graph in figure 1. The Bayesian estimator has smaller mean 

squared errors than frequentist estimator. In other words, on average, it is closer to the 

true value. Figure 1 shows the mean squared error for the Bayesian estimator and the 

frequentist estimator as a function ofπ . We see that over most (but not all) of the range, 

the Bayesian estimator is better than the frequentist estimator.  

 

Table 1: Mean of Frequentist and Bayesian Estimates Over 2000 Samples  

Estimator Binomial Proportion π  

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

ˆ fπ  0.104 0.207 0.299 0.406 0.501 0.602 0.699 0.796 0.899 

ˆBπ  0.170 0.256 0.332 0.422 0.501 0.585 0.666 0.747 0.833 
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Table 2: Bias of Frequentist and Bayesian Estimates Over 2000 Samples  

Estimator Binomial Proportion π  

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

ˆ fπ  0.004 0.007 -0.001 0.006 0.002 0.002 -0.001 -0.004 -0.0003 

ˆBπ  0.070 0.056 0.032 0.022 0.001 -0.015 -0.034 -0.053 -0.067 

 

Table 3: Variance of Frequentist and Bayesian Estimates Over 2000 Samples 

Estimator Binomial Proportion π  

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

ˆ fπ  0.010 0.017 0.022 0.026 0.026 0.025 0.021 0.016 0.009 

ˆBπ  0.007 0.012 0.015 0.018 0.018 0.017 0.015 0.011 0.006 

 

Table 4: Mean Square Error (MSE) of Frequentist and Bayesian Estimates Over 2000 

Samples  

Estimator Binomial Proportion π  

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

ˆ fπ  0.010 0.017 0.022 0.026 0.026 0.025 0.021 0.016 0.009 

ˆBπ  0.012 0.015 0.016 0.019 0.018 0.017 0.016 0.014 0.011 
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Figure 1 

Mean Square Error of Frequentist and Bayesian Estimators
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5.0  Conclusion 

In this paper, a Monte Carlo experiment was used to compare the Bayesian and the 

Frequentist estimators of a binomial proportion. Judging from the mean squared error 

criterion, the Bayesian estimator performed better.  
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